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Abstract The plastic deformations of tempered martensite steel representative
volume elements with different martensite block structures have been investi-
gated by using a nonlocal crystal plasticity model which considers isotropic and
kinematic hardening produced by plastic strain gradients. It was found that pro-
nounced strain gradients occur in the grain boundary region even under homo-
geneous loading. The isotropic hardening of strain gradients strongly inﬂuences
the global stress–strain diagram while the kinematic hardening of strain gradi-
ents inﬂuences the local deformation behaviour. It is found that the additional
strain gradient hardening is not only dependent on the block width but also on the
misorientations or the deformation incompatibilities in adjacent blocks.
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The inﬂuence of deformation gradients on the strength of materials has been studied rather
extensively. It has been shown that such deformation gradients cause different types of size effects
as observed in various experiments.1–5 Advanced continuum level nonlocal constitutive models
which can adopt the concept of the geometrically necessary dislocation (GND) density tensor,6
can deal with the slip system discontinuity across grain boundaries and phase boundaries and can
include different hardening mechanisms caused by statistically stored dislocation (SSD) and GND
accumulation.
In the literature, many lower order nonlocal constitutive models have been proposed which
only consider the additional isotropic hardening produced by ﬁrst order plastic strain gradients.7–9
Naturally, the GND cased kinematic hardening can not be considered within these ﬁrst order mod-
els. Nonlocal constitutive models of higher order often consider additional degrees of freedom
(DOF). The Cosserat models10 take into account the micro-rotation vector connected to the elastic
spin tensor as additional DOF. The plastic strain gradient models11 include the nine components
of the plastic deformation gradient as additional DOF. The recently developed micromorphic non-
local models12 adopt a non-symmetric plastic micro-deformation tensor as additional DOF, which
can be different from the plastic deformation gradient. Furthermore, in certain higher order non-
local models13 a group of governing equations for GND density evolution whose number is equal
to the number of slip systems have been adopted for single crystalline materials. In these models,
a)Corresponding author. Email: anxin.ma@rub.de.
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the kinematic hardening has been formulated as a function of the second order gradient of the ad-
ditional DOF consistently. In most cases, the GND induced isotropic hardening is not emphasized
in models of this category.
The higher order nonlocal model proposed by Ma and Hartmaier14 can discriminate between
the isotropic and kinematic hardening by plastic strain gradients based on the concept of super
GND densities and super GND segment pile-ups in an isotropic elastic-plastic medium.
As the additional hardening mechanism is based on the super GND, this model can be used
to model plastic deformation of multiphase polycrystalline materials. In this paper, the plastic
deformation of tempered martensite steel on block level is investigated with this model. It is found
that additional strain gradient hardening depends on block width as well as on misorientation or
deformation incompatibilities in adjacent blocks.
We separate the total deformation F to the elastic part F e and the plastic part F p by adopting
the multiplicative decomposition approach15 as F = F eF p. With the help of the stiffness tensor
C, we formulate the elastic law in the intermediate conﬁguration as S˜ =C(F eTF e− I)/2.
The plastic deformation mechanism discussed here is the slip mechanism where dislocations
slip in well designed slip systems. We adopt the widely used constitutive assumption16–20 for
crystal plasticity. Provided that the initial plastic deformation gradient F p0 and a small time
increment are given, inside the large deformation framework, the plastic deformation gradient
rate has been approximated as F˙ p = ∑12α=1 γ˙αM˜αF p0, where γ˙α and M˜α are the shear rate and the
Schmid tensor, respectively.
We have developed the following ﬂow law for slip system α as γ˙α = γ˙0|(τα + τGNDKα )/(τˆSSDIα +
τˆGNDIα )|p1sign(τα + τGNDKα ). The resolved shear stress and the isotropic hardening due to SSD
accumulation, amount to τα = S˜ · M˜α , ˙ˆτSSDIα = ∑12β=1 h0χαβ
(
1− τˆSSDIα /τˆsat
)p2 ∣∣γ˙β ∣∣, respectively,
where γ˙0 is the reference shear rate, p1 the inverse value of the strain rate sensitivity, h0 the initial
hardening rate, χαβ the cross hardening matrix, τˆsat the saturation slip resistance and p2 a ﬁtting
parameter.
According to the nonlocal model,14 the dislocation density tensor, as deﬁned in Refs. 6, 21
can be rationalized as being composed of 9 super GNDs, while the gradient of the dislocation
density tensor has been approximated by 27 super GND segments localized at speciﬁed positions.
Following this approach on slip system α isotropic hardening due to ﬁrst order of plastic strain
gradients and kinematic hardening due to second order plastic strain gradients are given by
τˆGNDIα = c
passμb
√√√√ 9∑
β=1
χ ′αβ
∣∣Aβ i jδ jkl (F p⊗∇)ikl∣∣/b, (1)
τGNDKα = F
pC′ (F p⊗∇⊗∇)F pT · M˜α , (2)
respectively.
In Eq. (1) the coefﬁcient cpass is used to calculate the passing stress of crystallographic mobile
dislocations due to super GNDs, μ is the shear modulus, b the magnitude of Burgers vector, χ ′αβ
the cross hardening matrix between crystallographic mobile dislocations and super GNDs and
δ jkl is the third rank permutation tensor. Except for A111 = A222 = A333 = A412 = A513 = A623 =
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A721 = A831 = A932 = 1, the remaining 72 components of Aβ i j are all zero. The sixth order tensor
C ′ in Eq. (2) depends on the stiffness tensorC and the average GND pile-up size L. The interested
reader can see the details of this module and a more detailed description of the numerical model
in Ref. 14.
The current model has distinct advantages over many nonlocal models proposed in literature.
As our model is based on the concept of super GND densities and super GND segment pile-ups,
with it, we are able to study phase boundary materials with slip system discontinuity. Even for
the case that plastic strain is produced by slip, twinning and phase transformation, the current
model still can be used to investigate the nonlocal mechanical behavior of multi-phase crystalline
materials.
A weak coupling algorithm has been used to solve the equations for force equilibrium and
plastic strain gradient evolution. In order to achieve this on-top of the ﬁnite element mesh, which
is used to solve the force equilibrium, a regular mesh is placed on which the evolution of strain
gradients is evaluated. In order to calculate gradients of the locally deﬁned plastic strain gradient
the deformation gradient is regularized using F p −C∇2F p = F p. The Helmholtz type equation
is solved by fast Fourier technique, while ﬁrst and second gradient of (F p ⊗∇,F p ⊗∇ ⊗∇)t
are evaluated using the ﬁnite difference method on the regular grid. The communication be-
tween ﬁnite element method (FEM) mesh and regular grid is performed using interpolation func-
tions. The force equilibrium problem is solved by ABAQUS22 using the plastic strain gradients
(F
p⊗∇,F p⊗∇⊗∇)t in an explicit manner.
Especially in the case of interface dominated materials at small length scale, classical local
crystal plasticity models fail, because they are not able to capture the effects of strain gradients
on hardening and deformation mechanisms. Martensite materials have a hierachical structure,23
which consists of lath, blocks, packets which develop during quenching in the prior austenite grain
shown in Fig. 1. According to the Kurdjomov–Sachs relationships 24 different variants might
form within one prior austenite grain, as the habit plane of face-centred cubic (FCC) austenite has
to stay parallel to the body-centred tetragonal (BCT) martensite. As there exist four habit planes
six different variants can form for each habit plane. For a more detailed description we refer to
Ref. 24.
In the following we apply the numerical model, which is able to capture strain gradient effects,
to a simple lamella martensite microstructure consisting of two blocks. As the mean misorienta-
tion following Ref. 25 between lath is 3◦ and between the sub-block structure is 6◦ and thereby
smaller than the misorientation between two blocks, the following study focus on block bound-
aries. The martensite material is simulated using the nonlocal crystal plasticity model described
above and assuming twelve body-centred cubic (BCC) [110]〈111〉 slip systems. Exemplary the
results of two combinations namely Variant 1 and Variant 2 (V1V2) and V1V6 are shown. While
combination V1V2 has a misorientation of 10.5◦ degree between the two blocks combination
V1V6 has a misorientation of 60◦. In Fig. 2 the stress–strain diagram for the representative
volume element (RVE) under uni-axial strain in vertical direction and periodic boundary con-
ditions is shown for both combinations and a varying block width of 0.5 μm, 1 μm, or 2 μm. The
stress strain diagram shows that the underling numerical model can well predict the size effect,
as for smaller block width the stress level increases. Furthermore the combination V1V6 shows a
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stronger size effect compared to the combination V1V2, so that we conclude that block width as
well as block orientation and the arising deformation incompatibilities during plastic deformation
inﬂuence the deformation behaviour at the same time. In Fig. 3 the normalized isotropic harden-
ing ∑12α=1 τˆGNDIα /τˆSSDα due to strain gradients for the combined hardening model is shown for the
combination V1V2.
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Fig. 1. Schematic sketch of hierarchical marten-
sitic microstructure consisting of lath, blocks,
packets within the prior austenite grain after
Ref. 24.
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Fig. 2. Stress–strain diagram microstructures
consisting of two blocks with different variants
and different width.
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Fig. 3. Normalized isotropic hardening for
combination V1V2 for the combined hardening
model.
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Fig. 4. Normalized stresses due to kinematic
hardening for combination V1V2 for a block
width of 1 μm.
The diagram clearly shows that the smaller the block width the larger the inﬂuence region of
isotropic hardening gets, while the highest value is reached at the grain boundary and remains
constant for all block width. In Fig. 4 the normalized kinematic hardening due to strain gradients
is shown for a block width of 1 μm. In contrary to the isotropic hardening the kinematic hard-
ening is not necessarily positive, but similar to the isotropic hardening reaches its highest values
at the grain boundary. In Fig. 5 contributions of different hardening mechanisms to the global
stress–strain diagram are shown for both combinations V1V2 and V1V6. It is obvious that the
contribution of the kinematic hardening to the global hardening is small for the investigated block
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Fig. 5. Stress–strain diagram for the local
model (dashed), the isotropic (dotted) and com-
bined hardening (solid) model for a block width
of 1 μm.
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Fig. 6. Distribution of strain ε11 for combination
V1V2 and a block width of 1 μm under consid-
eration of different hardening mechanisms.
sizes and strain range, as the curves for the model considering only isotropic hardening (dotted)
and the curves considering the combined hardening model (solid) nearly coincide. In contrary to
that the distribution of strain ε11 is inﬂuenced by the kinematic hardening model, which can be
seen from Fig. 6 where the local (dashed line), the isotropic (dotted line), and the combined (solid
line) differ from each other.
With the help of our advanced nonlocal constitutive model, the mechanical properties of a sim-
pliﬁed martensitic microstructure on block level have been investigated. The inﬂuence of isotropic
as well as kinematic hardening, due to deformation incompatibilities arising during plastic defor-
mation, on the global and local deformation mechanisms have been studied for two block com-
binations representing a structure that occurs within martensitic materials within one packet. It
is shown that the consideration of isotropic hardening strongly inﬂuences the global stress–strain
diagram while the consideration of kinematic hardening inﬂuences the local deformation behav-
ior. Furthermore it was found that for the investigated block combinations block size as well as
deformation incompatibilities between blocks inﬂuence the hardening behavior at the same time.
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